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We propose a realization of a quantum heat engine in a hybrid microwave-optomechanical system
that is the analog of a classical straight-twin engine. It exploits a pair of polariton modes that operate
as out-of-phase quantum Otto cycles. A third polariton mode that is essential in the coupling of the
optical and microwave fields is maintained in a quasi-dark mode to suppress disturbances from the
mechanical noise. We also find that the fluctuations in the contributions to the total work from the
two polariton modes are characterized by quantum correlations that generally lead to a reduction
in the extractable work compared to its classical version.
I. INTRODUCTION
Research in quantum heat engines has progressed
rapidly in recent years, due in part to its potential to in-
vestigate aspects of stochastic quantum thermodynamics
at the microscopic and mesoscopic scales. This develop-
ment has benefited in particular from emerging exper-
imental technologies in AMO and NEMS systems, as
evidenced in particular by the single ion heat engine
theoretically proposed [1] and experimentally demon-
strated [2]. Additional approaches being considered in-
volve spin systems [3, 4], qubit systems [5], ultracold
atoms [6], cavity-assisted atom-light systems [7], nanome-
chanical resonators [8], and optomechanical systems [9–
14].
Quantum heat engines are typically based on im-
plementations of quantum Carnot, Otto [15], Brayton
[16, 17], Diesel [16, 18] or Stirling cycles [19, 20], with
a succession of strokes that alternatively extract work
and exchange heat with the hot and cold reservoirs. As
a result the generation of work is an intermittent pro-
cess. In classical thermodynamics, a transition to con-
tinuous work production can be achieved with multi-
cylinder structures. In this paper we propose an imple-
mentation of a twin-cylinder optomechanical quantum
heat engine. It is a hybrid microwave-opto-mechanical
system with two working fluids – or two “cylinders”. The
first one is a normal mode excitation (polariton) whose
nature changes from microwave-like to optical-like, de-
pending on the externally controlled position of the op-
tomechanical oscillator (the analog of a piston) the engine
being driven by the effective temperature difference be-
tween the microwave and the optical cavity modes. At
the same time a second polariton mode that switches its
nature in reversed sequence serves as a second working
fluid that provides an additional work output channel op-
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erating out of phase with the first one. This is similar to
the situation in classical straight-twin engines, but with
the important difference that the work produced by the
two polariton fluids can develop quantum correlations.
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FIG. 1. a) Quantum twin engine with an optomechanical
mirror located between an optical cavity and a microwave res-
onator. (b) Polariton modes (solid) and bare modes (dashed)
spectra as function of x for ga = gb = 0.01ωm, Gb = −Ga =
0.1ωm, ωap−ωa = ωbp−ωb = −ωm. The working range of the
heat engine is indicated by the dotted rectangle. (c) Sketch of
the Otto cycles associated with the polariton branches B and
A, respectively. (d) Sketch of an analog classical twin-cylinder
heat engine.
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2II. MODEL
As shown in Fig. 1(a) the engine consists of a pair
of electromagnetic resonators that share a common op-
tomechanical end mirror of oscillation frequency ωm and
damping rate κc. The first one is an optical cavity of
frequency ωa and damping rate κa and the second one a
microwave resonator of frequency ωb and damping rate
κb [21]. They are driven by coherent fields at frequencies
ωap and ωbp, respectively. We assume that the intracavity
fields are strong enough that they can be described as the
sum of large mean classical amplitudes and small quan-
tum fluctuations. In the frame rotating at the pump fre-
quencies the system Hamiltonian can then be linearized
as
H1/~ = ωmcˆ†cˆ−
∑
d=a,b
[∆ddˆ
†dˆ+Gd(dˆ+ dˆ†)(cˆ+ cˆ†)], (1)
where the bosonic annihilation operators aˆ, bˆ, and cˆ ac-
count for the quantum fluctuations of the optical cavity
field, microwave resonator field, and mechanical mode
around their mean amplitudes 〈aˆ〉, 〈bˆ〉, and 〈cˆ〉, taken to
be real without loss of generality. The effective optome-
chanical couplings, Ga = −ga〈aˆ〉, Gb = gb〈bˆ〉, and ga and
gb are the single-photon optical and microwave couplings
[22]. In the following we assume that Ga and Gb are
opposite in sign. Finally
∆a,b(t) = ωap,bp − ωa,b ± ga,bx(t), (2)
where we included the additional shift due to the classi-
cally controlled mean dimensionless displacement x(t) =
〈cˆ + cˆ†〉 of the compliant mirror, the “±” accounting for
the implied opposite change in length of the two cavities.
The Hamiltonian H1 can be diagonalized in terms of
three uncoupled bosonic normal modes, or polaritons,
with annihilation operators Aˆ, Bˆ and Cˆ as
H2 = ~ωAAˆ†Aˆ+ ~ωBBˆ†Bˆ + ~ωCCˆ†Cˆ. (3)
The polariton modes are superpositions of the optical,
microwave, and mechanical modes with relative ampli-
tudes that depend on external parameters such as the
detunings ∆a,b. The fact that these constituents are
coupled to thermal reservoirs at different temperatures
allows for the realization of polaritonic heat engines as
previously discussed in Refs. [9, 10]. The present scheme
is the simultaneously uses two polariton modes to realize
a quantum analog of a classical two-cylinder straight-twin
engine.
The two “cylinders” of the engine are the polari-
ton modes A and B, whose nature and frequencies
are controlled via ∆a,b(t) by changing x(t), the power
source being the temperature difference between the mi-
crowave reservoir and the optical reservoir, which is ef-
fectively at zero temperature. Ideally the compliant mir-
ror should merely allow for the conversion between mi-
crowave and optical photons so as to avoid unwanted en-
ergy losses through mechanical excitations. This suggests
exploiting the “polaritonic dark mode” Cˆ = (−Gbaˆ +
Gabˆ)/
√
G2a +G
2
b and externally varying Ga,b to achieve
the adiabatic conversion between the microwave and op-
tical photons free of the mechanical noise [23–26]. How-
ever the realization of a perfect dark mode requires
−∆a = −∆b = ωm, preventing the extraction of work
in the adiabatic conversion. But we find that if the de-
tunings ∆a,b(t) remain symmetric about the mechanical
frequency ωm throughout the thermodynamical cycle the
polariton C remains a quasi-dark mode with nearly con-
stant frequency ωC ≈ ωm. This choice of detunings is
optimal in keeping the mechanical excitations out of the
heat-work conversion [27].
As an example we consider the case ωap − ωa = ωbp −
ωb = −ωm and ga = gb = g > 0, so that ∆a = −ωm + gx
and ∆b = −ωm−gx. Taking further ωm  Gb = −Ga =
G > 0 and dropping the anti-rotating terms in H1 gives
a three-mode Bogoliubov transformation
Aˆ = cos2
θ
2
aˆ− sin2 θ
2
bˆ+
√
2 cos
θ
2
sin
θ
2
cˆ,
Bˆ = − sin2 θ
2
aˆ+ cos2
θ
2
bˆ+
√
2 cos
θ
2
sin
θ
2
cˆ, (4)
Cˆ = ∓ sin θ√
2
(aˆ+ bˆ)± cos θcˆ,
where θ = arctan(
√
2G/gx) and the upper and lower
signs in the third equation correspond to the positive
and negative value of x, respectively. The polariton fre-
quencies are ωA = ωm −
√
2G2 + g2x2, ωB = ωm +√
2G2 + g2x2, and ωC = ωm. In the limit gx  G,
Eqs. (4) give Aˆ ∼ aˆ and Bˆ ∼ bˆ, while Cˆ ∼ cˆ is approx-
imately phonon-like. For gx  −G, A and B exchange
their properties.
Fig. 1(b) shows the polariton and bare modes frequen-
cies as functions of the mean oscillator displacement x for
a symmetric arrangement of the optomechanical parame-
ters of the optical and microwave fields. As x is changed
from large negative to large positive values the polari-
tons A and B switch their natures from microwave-like
to optical-like and from optical-like to microwave-like, re-
spectively, with an avoided crossing of frequency 2
√
2G
at x = 0. As already mentioned C remains phonon-like.
III. TWIN OTTO CYCLE
The heat engine is driven by the temperature differ-
ence between the microwave and optical reservoirs, with
the polariton modes A and B undergoing asynchronous
quantum Otto cycles. This is illustrated in Figs. 1(c),
which shows that when A is in its isentropic compression
stroke then B is in the isentropic expansion stroke, and
vice versa. This is analogous to the classical straight-
twin-cylinder heat engine with a pi crankshaft angle of
Fig. 1(d), with one cylinder expanding with the other
compressing.
3We assume that initially x = x0 and the system is
in thermal equilibrium with the optical, microwave and
phonon modes at the temperature of their respective
reservoirs, with mean occupation numbers n¯a, n¯b and n¯c.
For polariton B the first stroke, an adiabatic change of x
from x0 to x1, corresponds to a change from microwave-
like with ωB(x0) ∼ −∆b(x0) and Bˆ ∼ bˆ to optical-like.
This step has to be fast enough that the interaction of
the system with the thermal reservoirs can be largely ne-
glected, yet slow enough that nonadiabatic transitions re-
main negligible. We then have n¯B ∼ n¯b, so that if x0 and
x1 are such that ωB(x0) > ωB(x1) that stroke is an isen-
tropic expansion of polariton B, resulting in an energy
loss and a work output W1B ≈ ~[ωB(x1)− ωB(x0)]n¯b. In
contrast for polariton A that stroke is an isentropic com-
pression since ωA(x0) < ωA(x1), resulting in an energy
gain, hence a work input W1A ≈ ~[ωA(x1) − ωA(x0)]n¯a.
However its value is negligible since the temperature of
the optical reservoir is effectively zero.
Following the second stroke, where the optical, mi-
crowave and phonon have reached thermal equilibrium
again, the third stroke consists in adiabatically chang-
ing x(t) back to x0. Here the polariton B suffers an
isentropic compression, requiring a negligible work in-
put, W3B ≈ ~[ωB(x0) − ωB(x1)]n¯a ≈ 0, while A under-
goes an isentropic expansion with work output, W3A ≈
~[ωA(x0) − ωA(x1)]n¯b. In the fourth and final stroke
the system is left to reach thermal equilibrium again.
Importantly during the full Otto cycle the polariton C
contributes negligible work since its frequency remains
constant. Ideally the total work output of the engine is
therefore
Wtot ≈W1B +W3A (5)
≈ ~[ωB(x1)− ωA(x1) + ωA(x0)− ωB(x0)]n¯b.
This simplified expression would indicate that maximiz-
ing the work requires an asymmetry and right-skewed
working range with x0 is large and positive and x1 close
to zero. However this choice results in an imperfect
microwave-optical conversion of the polariton modes, the
appearance of non-negligible contributionsW1A andW3B
to the total work, and the onset of quantum correlations
betweenW3A andW3B . We return to this point later on.
IV. PHYSICAL PICTURE
The operation of the engine can be understood in the
bare mode picture by considering the combined effects of
the radiation pressure forces from the quantum fluctua-
tions of the microwave and optical fields and the classical
control of the position x(t) of the compliant mirror. Its
dynamics can be described by a differential equation for
the covariance matrix with Markovian-correlated quan-
tum noise sources [28].
Fig. 2 shows the evolution of the population of each
mode for a full cycle of the engine obtained in this
way. In this example the compliant mirror frequency
is ωm = 2pi × 4GHz and its temperature Tc = 80mK,
resulting in n¯c ≈ 0.1 [29]. For the optical cavity n¯a ≈ 0
and for the microwave resonator n¯b ≈ 0.04. The linear
optomechanical coupling is G/ωm = 0.1 and the normal-
ized optical, microwave and mechanical decay rates are
κa,b,c/ωm = 0.0001, 0.00014, and 0.0002, respectively.
In the first and third isentropic-like strokes the compli-
ant mirror is moved linearly between gx0/ωm = 1 and
gx1/ωm = −0.4 and back. The duration of these strokes
is τ1,3 = 500ω−1m to satisfy the adiabatic requirement
G−1  τ1,3  κ−1a,b,c. The duration of the thermalizing
second and fourth strokes is τ2,4 = 2× 104ω−1m > κ−1a,b.
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FIG. 2. (color online) Evolution of the populations of the
bare and polariton modes for one full cycle of the engine. The
modes a and A are the blue dashed and dot-dashed lines, b
and B the red solid and dotted lines, and c and C the thin
black and dashed lines, respectively. The subplots (a)-(d)
correspond to the strokes 1-4. Time in units of ω−1M . The
system parameters are given in the main text.
Initially the microwave and optical modes are ther-
mally populated, but with the latter one is essentially
empty due to the near-zero effective temperature of the
optical reservoir. During the first stroke the compliant
mirror is classically displaced from x0 to x1 and the ra-
diation pressure force from the microwave photons pro-
duces work. (We choose the convention where work pro-
duced by the engine is negative.) For x ≈ 0 the reso-
nant condition −∆a,b = ωm is gradually approached and
microwave photons convert into optical photons through
the phonon-mediated interaction [21, 29] with a radiation
pressure force acting against to the mirror motion, see
Fig. 2(a). The asymmetry of x0 and x1 about x = 0 re-
sults in that stroke ending before the positive work done
by the microwave photons is offset by the negative work
done by the optical photons. In the second stroke the
optical field and microwave field rethermalize, again with
n¯a ≈ 0. In the third stroke the microwaves convert back
to optical photons, see Fig. 2(c), and the optical radi-
ation pressure force, which is along the displacement of
4the mirror in this stroke, becomes dominant and pro-
duces work. Finally the system is thermalized once more
in stroke 4.
Adiabatic conversion from the microwave to the optical
mode occurs both in the first and the third stroke, as evi-
denced by the nearly constant population of the polariton
modes A and B. Importantly, as illustrated in Figs. 2(a)
and 2(c) the unequal distance of x0 and x1 from x = 0 re-
sults in a larger initial detuning and a harder conversion
and thus leaves a relatively long time for the microwave
field to produce work. In contrast, during the third stroke
the conversion occurs earlier so the population of the op-
tical mode and the associated force are dominant most of
the time. Note however that since |x1| is not quite large
enough for the far-off-resonance condition to be fully sat-
isfied there is a non-negligible coupling between the three
bare modes as they are thermalized in the second stroke.
This results in a finite thermal equilibrium population of
the optical mode and a small deviation between the evo-
lution of the polaritons and the bare modes. This does
not occur in the last stroke due to the far-off-resonant x0.
Except near resonance, where the phonons are directly
involved in the optical-microwave conversion, their evo-
lution coincides with the polariton mode C whose pop-
ulation remains almost constant during the full engine
cycle.
V. OUTPUT WORK AND CORRELATION
In the quantum adiabatic limit, the average work pro-
duced by polariton A during stroke 3 is
W3A = Tr[Wˆ3Aρˆ(x1)] = ~[ωA(x0)−ωA(x1)]n¯B(x1), (6)
where ρˆ(x1) are the steady-state density matrix of the
system and n¯A(x1) the population of polariton A at
x = x1, and similarly for W3B with A → B. The
work produced during that stroke is W3 = W3B + W3A,
and its variance Var[Wˆ3] = Var[Wˆ3A] + Var[Wˆ3B ] +
2Cov[Wˆ3A, Wˆ3B ]. The non-classicality of the quantum
twin engine is charactered by a nonzero correlation coef-
ficient [30]
JW3A,W3B =
Cov[Wˆ3A, Wˆ3B ]√
Var[Wˆ3A]Var[Wˆ3B ]
= −JnA(x1),nB(x1)
(7)
with |JW3A,W3B | ≤ 1. The expressions for stroke 1 are
identical with 3→ 1 and x1 → x0.
To evaluate these quantities we introduce the quantum
work operator Wˆ = Uˆ†Hˆ ′Uˆ−Hˆ, where Hˆ and Hˆ ′ are the
Hamiltonians of the heat engine at the beginning and end
of the isentropic strokes [31], and Uˆ is the time evolution
operator
Uˆ(tf ) = T> exp
[−i
~
∫ tf
ti
dtHˆ(t)
]
(8)
where ti and tf are the initial and final times of the stroke
and T> the time-orderd product.
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FIG. 3. Contour plots of the total work output (a) without
and (b) with the classical approximation, and (c) the correla-
tion coefficient JW3A,W3B as a function of x1 and the thermal
mean phonon number n¯c for G/ωm=0.1. Plots (d), (e) and
(f): same, but as a function of the effective optomechanical
coupling G for n¯c = 0.2. Other parameters as in Fig. 2(b).
For gx0  G we have that n¯B(x0) ≈ n¯b, n¯A(x0) ≈
n¯a ≈ 0, and JW1A,W1B = −JnA(x0),nB(x0) ≈ 0. With
Eqs. (4) and the associated polariton frequencies this
gives
Wtot ≈ ~(
√
2G2 + g2x21 −
√
2G2 + g2x20)
×[n¯A(x1)− n¯B(x1) + n¯b]. (9)
The largest population difference, [n¯A(x1) − n¯B(x1) +
n¯b] = 2n¯b, occurs for gx1 ∼ −gx0  −G. However
(
√
2G2 + g2x21−
√
2G2 + g2x20) = 0 in that limit, so that
there is no net work. Extracting work from the heat en-
gine requires therefore that neither B nor A be perfectly
optical-like or microwave-like. Hence the influence of the
phonon mode and the resulting correlations between the
A and B polaritons can not be ignored.
The total work and quantum correlations can be esti-
mated more accurately from the solution of the master
equation in the polariton basis. In that basis the trans-
formed Lindblad super-operators reveal the coupling of
the polariton modes, implying effectively multi-mode cor-
related reservoirs (See the detailed derivation in the ap-
pendix). Fig. 3(a) shows the dependence of the total work
on x1 on the mean thermal phonon number n¯c. The n¯c
dependence illustrates the detrimental effect of phonon
reservoir temperature on Wtot. This is because at higher
temperature the optomechanical coupling increases the
steady-state photon population, thereby decreasing the
effective difference in temperatures of the polariton B
during the Otto cycle. For large n¯c the total work can
5even change sign when x1 is near 0, as the polariton B is
then phonon-like rather than optical-like, and is warmer
than the microwave-like side. Conversely, when x1 is cho-
sen large and negative the polariton B becomes more and
more optical-like, weakening the dependence of Wtot on
n¯c.
Figure 3(b) shows for comparison a quasi-classical re-
sult obtained by neglecting the correlations. As in the
quantum case the maximum work is reached near gx1 =
−0.2ωm. The difference between the quantum and quasi-
classical cases is most significant in the region of large n¯c
and small x1, where the correlations between A and B
become larger, resulting in decreased work. As shown in
Fig. 3(c), when n¯c  n¯a,b the populations of A and B
are both dominated by the thermalization of the phonon
mode, resulting in negative work correlation. Note how-
ever that JW3A,W3B becomes positive for x1 ∼ 0 due to
resonantly-enhanced conversion (the work correlation is
opposite to polariton correlation).
A similar situation also occurs in the dependence of
the work on the optomechanical coupling G, as shown in
Figs. 3(d)-(f), which illustrate the increase in work and
decrease in quantum correlations as G is decreased. Note
finally that the validity of the linearized model imposes
that |gx| √ω2m − 8G2. The positiveWtot and negative
work correlation near this boundary are caused by the
anti-rotating terms in the optomechanical coupling [33].
VI. CONCLUSION
To summarize, we have proposed and analyzed a quan-
tum optomechanical heat engine driven by the effective
temperature difference between microwave and the op-
tical fields, and with a classical-like twin-cylinder four-
stroke structure that dramatically decreases the inter-
vals between work extractions in the quantum Otto cy-
cle and brings quantum correlation between work from
each cylinder. Future work will extend this idea to struc-
tures with more cylinders, include an autonomous engine
design [34, 35], and explore the applications of work cor-
relation.
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Appendix: The master equation in the polariton
basis
The master equation in the bare mode basis writes
dρ
dt
= − i
~
[H1, ρ] +
∑
o=a,b,c
[κo(n¯o + 1)Loˆ + κon¯oLoˆ† ]ρ,
(A.1)
where κo and n¯o are the decay rate and the mean thermal
occupation number of bare mode o, H1 is the linearized
optomechanical Hamiltonian
H1/~ = ωmcˆ†cˆ−
∑
o=a,b
[∆ooˆ
†oˆ+G(oˆ+ oˆ†)(cˆ+ cˆ†)], (A.2)
and the Lindblad superoperators are
Loˆρ = oˆρoˆ† − 1
2
oˆ†oˆρ− 1
2
ρoˆ†oˆ. (A.3)
When G ωm, the analytical form of the inverse Bogoli-
ubov transformation can be derived under the rotating
wave approximation (RWA), which is
aˆ = cos2
θ
2
Aˆ− sin2 θ
2
Bˆ ∓
√
2 cos
θ
2
sin
θ
2
Cˆ,
bˆ = − sin2 θ
2
Aˆ+ cos2
θ
2
Bˆ ∓
√
2 cos
θ
2
sin
θ
2
Cˆ,
cˆ =
sin θ√
2
(Aˆ+ Bˆ)± cos θCˆ. (A.4)
Substituting it into Eq. (A.1) we can rewrite the master
equation in polariton basis,
dρ
dt
=
∑
j
−iωj [jˆ†jˆ, ρ] + [κj(n¯j + 1)Ljˆ + κj n¯jLoˆ† ]ρ
+
∑
jk
[(Rjk + Sjk)Jjˆkˆ†ρ+ SjkJjˆ†kˆρ+ h.c.],
(A.5)
where j = A,B,C and jk = AB,AC,BC. In addition
to the ordinary dissipation terms with effective polariton
decay rates and mean thermal occupation numbers
κA,B = κa,b cos
4 θ
2
+ κb,a sin
4 θ
2
+ κc
sin2 θ
2
,
n¯A,B = (κa,bn¯a,b cos
4 θ
2
+ κb,an¯b,a sin
4 θ
2
+κcn¯c
sin2 θ
2
)/κA,B , (A.6)
κC =
κa + κb
2
sin2 θ + κc cos
2 θ,
n¯C = (
κan¯a + κbn¯b
2
sin2 θ + κcn¯c cos
2 θ)/κC ,
the transformed Lindblad superoperators of the bare
modes bring out several coupling terms of the polariton
modes in the form of the superoperators
Jjˆkˆ†ρ = jˆρkˆ† −
1
2
kˆ†jˆρ− 1
2
ρkˆ†jˆ, (A.7)
6with the coupling coefficients
SAB = (2κc − κa − κb) sin
2 θ
4
, (A.8)
SAC,BC =
sin θ√
2
(κb,a sin
2 θ
2
− κa,b cos2 θ
2
−κc cos θ).
The expressions for RAB,AC,BC are similar with the re-
placement κo → κon¯o. These coupling terms cause po-
lariton correlation in the final steady state of the ther-
malization strokes and then result in work correlation in
the isentropic strokes.
In the case θ ∼ pi corresponding to the limit gx −G,
the correlations disappear due to the negligible values of
correlation coefficients Rjk and Sjk. Then the steady
state of the three polariton modes are uncorrelated ther-
mal states with the mean occupation numbers n¯A,B,C ,
respectively, and n¯A ∼ n¯b and n¯B ∼ n¯a. For the oppo-
site limit gx  G, the correlation is also near zero, n¯A
and n¯B exchange their values. However, to other cases,
the non-vanishing correlation will affect the steady pop-
ulation of the polariton modes. For example, from the
steady solution of the master equation (A.5) we have
〈Aˆ†Aˆ〉s = n¯A − RAB
2κA
〈Aˆ†Bˆ + Bˆ†Aˆ〉s
−RAC
2κA
〈Aˆ†Cˆ + Cˆ†Aˆ〉s. (A.9)
The exact dependence of the populations and correla-
tions on n¯c and G are obtained by the numerical simula-
tion; specifically, for a large value of G the RWA is invalid
and the analytical form of the polariton transform is un-
available. The results are displayed in the Fig. 3 of the
main text where we compared the exact work with that
obtained by neglecting all coupling terms in the master
equation (A.5) to show the influence of the correlation.
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